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Abstract. The non-conservative noisy critical height sandpile cellular automaton with open
boundary condifions is studied analytically on the Bethe lattice. Using the modified method
of Dhar and Majumdar [1], the single-site probabilities, pair probabilities and the avalanche
size distributions for the three versions of the automaton, with different amount of dissipated
particles, are calculated.

1. Introduction ‘

Since 1987, when Bak et &l [2) came up with the concept of self-organized criticality (SOC),
this phenomenon has been widely studied numerically [2-10], analytically [1,11-18] and
experimentally [19-21]. For the numerical and analytical studies model systems called
‘sandpiles’ are often used. ‘Sandpiles’ are cellular automata, which mimic the dynamics of
the spatially extended many-particle systems with local interactions. They are defined on
r-dimensional lattice {for example, a square lattice}, by a starting particle distribution on its
sites, by local dynamical rules, and local critical condition. They work in two dynamical
modes, the first one is the input process, followed, under the certain circumstances, by the
second mode, the relaxation of the system. :

(i) Input mode. Equal particles (for example, sand grains of size 1 in arbitzary units) are
added from outside to randomly chosen sites in the lattice. After each particle addition,
the local critical condition is checked. The process continues until in any site the local
critical state is reached. The local critical state can be defined, for example, by the local
critical column height of particles. When the critical state has been reached, the mput
stops and the dynamics switches itself to the second mode.

{il) Avalanche process. The critical site topples and the particles are distributed to sites in
the neighbourhood according to the defined local dynamical rules. This also may drive
the neighbours to the supercritical state and thus the avalanche may continue further in
one or more directions.

It has been shown numerically, that such a dynamics drives the system to the self-
organized critical state with long-range time and space correlations [2, 3], but, unlike the
phase transitions, without any fine tuning of system parameters. The main indication of
the SOC state is the power-law distribution of the avalanche sizes. Nature gives us a nice
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manifestation of space and time-scale invariancy in the ubiquitous occurrence of fractal
structures and the flicker noise phenomena. It is therefore supposed that the detailed siudy
of systems with self-organized criticality can shed some light on the creation of the scale
invariances in reality.

Sandpile cellular automata and the self-organized critical state were mainly studied
numerically [2-10). Analytical studies followed two lines:

(i} Analytical calculations on discrete systems, such as cellular automata [11-18].

(ii) Modelling of the spatially extended systems by stochastic differential equations
[22,23, 26).

The most complete analytical calculations were done for the Bak, Tang and Wiesenfeld
model (BTW), that is for the critical height cellular antomaton defined on a square lattice.
Local distribution rules in this mode] affect only nearest neighbours of the critical site [2].
The BTW model on the Bethe lattice was treated by Dhar and Majumdar [1]). The authors
succeeded in the complete analytical characterization of the self-organized critical state
by single-site probabilities, pair probabilities and power-law distribution of the avalanche
sizes.

By the analytical studies of the stochastic differential Langevine equation it was
proved that the long-range correlations, and thus the self-organized critical state, are a
consequence of the conservative dynamics, which conserves locally. and on an average, the
number of particles [22,23,26]. On the other hand, numerical studies of non-conservative,
continuously driven discrete models showed, that in the case of open boundaries, the scale
invariancy exists, and the power-law scaling of avalanche sizes was found {4, 24, 25]. These
models differ from the sandpile cellular automata in one crucial point. While cellular
automata are noisy, and phase-space volume conserving systems, the continuously driven
models (coupled map lattices) are deterministic and dissipative.

In this paper I study analytically the BTW non-conservative model on the Bethe lattice.
Non-conservation is implied by the fact, that not all of the particles are distributed to
the nearest neighbours, but some of them dissipate to the environment. Thus my model
is a noisy, non-conservative sandpile cellular automaton. Modifying the method of Dhar
and Majumdar [1], I calculated the single-site probabilities together with the avalanche
size distribution, all in the final stationary state, to which the system is driven by its
dynamics. My results show, that the avalanche size distributions decay exponentially
and thus no SOC state exists in noisy non-conservative sandpile of BTW type with open
boundaries.

2. Definition of the model and the single-site probabilities
First, I describe the dynamics of the critical height non-conservative BTW cellular automaton

on the Bethe lattice. As the other sandpile models, it has two dynamical modes; the input
process and the avalanche.

Input:
hi — b +1 hi < he ‘ (la)

where #1; denotes the height of the sand column at the ith site and %, indicates the critical
height,
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Figure .  Three examples of disallowed
configurations.

Avalanche:
Ifh; 2 k.

hh—=>h—-z+a)=1 Bup = Agn + 1 (1&)

which means that z grains are distributed to the nearest neighbours nn at the Bethe lattice
{(in fact, z denotes the sum of nearest neighbours), A grains dissipate to the environment,
and one grain rests on the original place. The critical height /. in (1) and (15) equals

he=1+z+i. (l¢)

Initizl conditions are random and the boundary conditions are open. The time-scales of both
processes are different. The avalanche is very quick in comparison with the time-scale of
the drive.

I have studied three- versions of the model (la)-(l¢), namely having z = 3 and
i = 1,2,3. The model of [1] then appears as a ‘conservative limit’ (# — 0). It can
" be seen, from the dynamics (1a)—~(1c}, that after the transients, in the final stationary state,
one can get the one-grain configuration (e.g. one particle per site) only as a rest configuration
after the toppling. Because in the final stationary state 1, 2, 3, ..., i, = h, — | grains per
site are possible, the number of configurations equals A%., where ¥ is the number of lattice
sites. But some of the configurations, such as that in figure I, are excluded. The reason
is as follows. The sites with only one grain have just toppled. Therefore the previous
configuration would have to contain some zero-particle sites, which is impossible [1].
- —In what- follows; I-modify the-analytical methed ef-Bhar and Majumdar developed for
the conservative BTW model on the Bethe lattice [1] and calculate the single-site probabilities
and the distribution function for the avalanche sizes in the case of a non-conservative model.
The possibility of calcnlation of pair probabilities is also shown.

Let us have the Bethe tree T tooted on the vertex a. Two types of allowed configurations
are defined on T'; e.g.
(i) strongly allowed;
(ii) weakly allowed.

Let us imagine, that the configuration C on 7T is allowed and that we connect the vertex
a with another site b containing only one grain figure 2. The new configuration € arises.
If C is still allowed, the old configuration C was strongly allowed. H the new configuration
€ is disallowed, the old configuration C was weakly allowed.

The number of strongly and weakly allowed configurations on-the tree T is given by
the equations

Ry
Nu(T) =) Nu(T, ko) _ | (2a)

hy=1
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Figure 2. The definition of the strongly and weakly
) allowed configurations. The tree T rooted on @ consists
of two subtrees 77 and T;. Let the configuration on T be
@ allowed. If it stays allowed also after the addition of the
site b, which contains one grain, it is strongly allowed, In

the opposite case it is weakly allowed.

hﬂ‘

Ni(T)y =) N(T, k). (2b)

ha=1

In equations (2a) and (26) N, (T, h,) and N;(T, h,) denote the number of weakly and
strongly allowed configurations on T, if on site @ there is a column height &, If we
remove the root vertex a of the tree T, it breaks into two subtrees 77 and 7> with vertices
a; and a;. Thus, if we exclude the disallowed configurations, the number of configurations
N(T, b)), No(T, by for by =1, ..., By is expressed as

Nu(T, 1) = Ns(T)Ns(T2) . N(T,1)=0 Ga)
Nu(T,2) = N;(T)Nu(T2) + Nu(T1}Ns(T2) Ni(T, 2) = N(T1)N:(T2) (36)
Nu(T,3) = Nu(T))Nuw(T2)

| (3¢)
Ni(T, 3) = Ne(T)N:(T2) + No(T1)Ns(T2) + No(T)Nu(T2) .

To the expresions (3a)—(3¢), which are also valid for the conservative case (i = 0) [1], we
add another 1 equations for z, =4, ..., A

Nw(T! ha =4! ---ahCC) =O
Ns(Ts ha = 4: RN hcc) = NS(T])NS(TZ) -+ Nw(Tl)NJ(TZ) + NS(TI)NUJ(T?.) (3d)
+ Ny (T1)Nu(T2) .

Now, the sums (2a), (2b) look like

Ny(T) = No(TON: (T2)(1 + xpx2 + X1 + X2) (4a)
Ny (T) = No(TN(T)[2 + x1 + x2) + (1 4+ %1 + %2 + x1%2)] (4b}

where x; denotes the relation between the weakly and strongly allowed configurations
x; = Ny (T)/N:(Th).
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Let us now create the Bethe tree successively. The single site is the tree of the first
generation. If we add two other sites, we get the tree of the second generation. Adding
another four sites to the second generation tree one gets the tree of the third generation, etc.
In this way, we create the tree of the (s + 1)th generation from one of the mith generation.
If the lattice is great (m — o), the trees Ty, Tp are equivalent trees of the (m — 1)th
generation. Let us denote them as T%~1, Taking this into account and using the equations
{4a), (4b), one gets the recursive relation

(m) 11
{m+1) _ ™+
x —_— 5
T A £ 1) 427 ©)
In equation (5), x™ denotes ‘x;”((;m,) The recursive relation (5) has one positive physically

relevant fixed point x*

L VE+ DT+ — G+ D
x* = 7 — ©)

With the help of x*, we rewrite the equations (3) in the form

Nu{T s ha) = Bu(ha, £*)Ns (TN (T2) (7a)
No(T, b} = Belha, XN (TON(Ty) (78)

where £y, A; denote the coefficients, that arise for x; = x*, x2 = x* in a great lattice.
Using x* equation (6), and the equations (3a)—(3d), it is easy to calculate the relations

Nu(T. 1) : NodT,2) : No(T,3) s No(T g = 4, ..., Bee)
SNG(T, D :N(T, 2 : N(T,3) s Ne(T ha =4, ..., hee)
=1:2x":(x"%:0:0:1:1+2x%: (x*+ 1. ®)

Now we are ready to calculate the single-site height distributions, namely, the
probabilities that at the randomly chosen site deep in the lattice one finds 1, 2, 3,..., ke
grains. Any site O which is somewhere far from the boundary is connected to the three
trees T1, T», T5. In accordance with [1] the number of allowed configurations for the column
height g = 1,2, 3 is given as ‘

NT,ho=1}= 11[ N (Tw) (9a)
w=]
N(T, ho = H N (Tw)[ +Zx,] (9b)
w=1
N(T, ho = H N; (Tw)[l + ij + Zx,xk] 9¢)
j=<k
We also need 7 additional expressions, namely for hp =4, ..., k. which are given by the
equatmns
N(T,hp = yhge) = H N (Tm)[l + ij +Zx]xk +x1x2x3] | (9d)
w=I

J=1 J<k
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The site O is far from the boundary, it is therefore reasonabie to use x* instead of x; and
to rewrite (9a)—(9d) in the form

3
N(T, ko) = alho, x*) [ | Ns(To). (10)

w=]

The total number of the allowed configurations on the lattice is given, with respect to
(9a)~(94) and (6) by the expression

3
Niowat = [¢° G+ Fig)] [ ] No(T) (1
w=]
where ¢ = x* + 1. Taking into account the formulae (9)-(11), the single-site probabilities
are easily calculated as

N(Tv ka) . a(hO! ﬁ)
Niotal B 9’72(3 + 7ig) ’

Plho.m) = (12}

The numerical values of the single-site probabilities for all three studied versions of {la)-
{1c) are listed in table 1 of the last section. For certain column height at the site O, the
single site probability depends only on #. Putting 77 = 0, the singie-site probabilities of the
conservative automaton [1] are found.

3. Pair probabilities

The pair probability is defined as the probability of a certain column height configuration
on the two distant sites in the Bethe lattice. Both sites are far from the lattice boundaries.
Let us have the situation as shown in figure 3. The Bethe tree Tp+1 rooted at the site Apy
is decomposed to the tree T rooted on Ay and the tree Up,p connected to the rest of the
lattice: through the site Apy; [1]. According to the equations (4a) and (4&), taking into
account, that the number of lattice sites tends to infinity, one gets

No(Tis1) = No(TRI N (Ups2) + No (TN (Upg2) + No(T) Ny (Ug12) + Ny (T N; (Upg2)

(13a)
Ns(Tis1) = 2N TINs (Uisa) + Ny (TON; (Urs2) + No(T) Nig(Uig2) + A Ne(Te)Ns (Ui2)
+ Nu(T) Ny (Ursa) + N (T No (Urar) + Nu(TON(Urs2)] .- (136)

T Fi 3. Th ive di itj
k+1 Kk igure 3, The recursive decomposition
* A "_"/A A of the subtree Ti.; with the root site
I K K+ Apy1 to the subtrees T with root site

Ap and Upga.
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 _The matrix representation of the equations (13a), (3b) is

Xes1 = No(Uikr2) BX,, _ {(13c)
with X, = (N‘"(Tk) ) and the matrix B given as

Ns(Ti}

_ @ @
B_(I—I-ﬁqa I-|-(fi+1)qo)' (14)

The eigenvalues A; and A, and the eigenvectors ¥y and U, of the transfer matrix B are

_dp+2p+1+ .7

Ay = 3 (15a)
R 2 1-
AL AL AL , (156)
and

- |

U = (E¢+I+ﬁ) (16a)
2p

- i \

Uz = (ﬁ¢+1_~/—¢-) (lﬁb)
2 )

where g = (R + 1)(7ip +4¢ + 1). From equation (6). and (15a), {15b) it is clear, that A;,
Ay are both positive and that A > A;. Numerical analysis shows, that

A
2 025G+ 1S,
A

Using equatiions (13)-(16) and the diagonalization matrix Q = v, one gets after some

calenlations
No(T) _ T M0 Y gt f Nu(T)
(M(Tn)) HN (U“)Q( AS“‘)Q (Ns<T1))' )

" By combining the expressions (17) and (11) the formula for the total number of allowed
configurations on the lattice is derived

3 =8 nee3
Nrotai =2_(3_+EQD_) ]_[ N, (Ur) |:(§9n +D@+1+ —)(}t"_1 JL”"I)
\/E k=1

+ /a0 +A§“‘J(1.+ %H (18)

The pair probability P,{h;, k;), which means the probability that at the two lattice sites i,
j in a distance #, the column heights are #;, #;, is calculated as follows. The equations
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(9a}—(9d) give the number of allowed configurations if the column height at the site j is
h;. That means

Neorat (i, by) = Ne(Uni2) Ne(Un )N (T, hidar(hy, x7) (19)

In equation (19) N;(T,, &;) is given by (17), with N, (1), N:(T1) calculated from (3) with
respect to the column height at the site i. The probability P,(k;, ;) is thus

Nigtat (s B5)

Prolhy, by} = N
tota

and using (17)—(19) we get

B[ 28, (k) + B )OS = X7 + Beh) 05 + 257)]
Pk, hj) = p3 (3+iig) T Rp+1 F 1 P = ) -
v [% o+ 1+ 23007 =D+ Z0T +5H( 4+ )

(20)
which means, that
o AGR 4 BN A(ﬁ){ (B(ﬁ) N D(ﬁ))(g)"]
i i By = CEN + DM~ C() am @ /)\n @)

where A, B, C, I are numerical constants for certain 2. P,(h;, #;) depends on the column
heights at positions i and j, on their distance n and on the amount of dissipated particies
A1, For 72 = 0 we get the result of Dhar and Majumdar [1]

Po(hi, by = PAOYP(JY + fi 47"

where f; ; is a numerical constant.

4. Avalanche size distribution

From the point of view of self-organized criticality, the most important is the power-law
character of the avalanche size distribution. For the conservative BTW model on the Bethe
lattice, the power-law scaling was derived analytically and, as stated in [1], the avalanche
size distribution is ’

gs ~ S, (22)

The size S of the avalanche is defined by the number of sites hit through one relaxation.
Following Dhar and Majumdar [1] 1 study the probability of the avalanche of size S. In
order to get the S-size avalanche on the Bethe lattice, the two conditions must be fulfilled.
The sufficient condition reads:

(i) On the connected cluster Cg of S sites, the column height equals to0 f..

The cluster is joined with the trees U}, i = 1,2, ..., 5+ 2, Therefore the second condition
is:

(ii) The root sites of these trees must contain less grains then J...
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Figure 4. The recursive definition of the
o two-site cluster (black sites).

Putting accidentally one grain to a certain site lying inside the cluster Cgs, the S-size
avalanche is triggered. The first step is to calculate the number of allowed configurations
containing the cluster Cs. Rewriting the equation (94} we get for one site cluster C

Ne, = [ [(Ne(U) + Nu(Us)) . (23)

i=1

To calculate Ne,, equation (23) is used

2
Ne, = (Ns(T) + No(T) T [(N: W) + Nu(@Wi)

=1

where T is the tree consisting of U, Uy, connected to the site lying in C, (figure 4). N.(T)
and N,,(T) are therefore given by (34) and thus

4
Ne, = [ [(V:U) + Ny (U)).
=1

In the same way also the number of allowed configurations containing S-sized cluster, Ne,
is derived

S+2
Neg = J [(NAUD + N (U)D) (24)

f=1

and with respect to condition (ii)

S+2 b1
NCS:H[Z (NS(U;pj)+ Nw(Ulaj)):l' (25)

i=1L 7
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Using equations (3a)-(3d) and (6), (25) simplifies significantly

S+2

Nes = | [ NsUs). (26)
i=l

Ag stated in [1], the distribution function
gs = Usas @27
is the multiple of the probability U/s of the configuration Cs which is .

Ne,

Us= Niotal @8)

and the number ag of distinct S sized shapes on the Bethe Jattice
|

4= 253-;- 1 fgi:sli Tk 29)
If Ng, is given by (26) and Ny by (17}, Us (28) will be
s = . . |

PG+ingi+ 1) (p+1+2) 05 -3 +07 (14 %) & + 47
(30)

What we are interested in is the behaviour of the distribution function gs (27) for great 5.
In this case

1
Us ~ A_f . 3D

(A1 > A9 > 0, equation (13)) and

45
as ~ 'ﬁ . (32)
The equations (27), (31) and (32) therefore give gs for great §
gs ~ e~5/% g~3/2 (33)

where §; = log™! 3‘;‘-. In the conservative model [1] # = 0, A; = 4 (equation {152)} and
therefore gg has a power-law character (22).
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5. Results and discussion -

I calculated x*, single site probabilities and the avalanche size distributions for the three
versions of the model (1a)-(1c). All the expressions derived in the previous sections are
general and depending only on the amount of dissipated particles #. In the limit i = 0
the model (la)—{1¢) is conservative and I get the results of Dhar and Majumdar [1], as
‘expected. The numerical results are collected in table 1 and table 2.

It can be seen from table 2, that there is a strong difference in the avalanche size
distributions for the conservative (i = 0) and non-conservative (i = 1,2,3) cellular
automata. Dissipation causes the exponential drop of gs and thus incorporates a typical
length scale into the distribution. Figure 5 shows a plot of the scale S {33) versus A, where
A denotes that fraction of material, which dissipates to the environment. The dependence
has a power-law character, namely Sy ~ A3 this indicates, that the non-conservative

Table 1. Single-site probabilities for the conservative (i = () and all tree non-conservative
versions of the model (la)-(lc). i denotes the number of dissipated particles.

FPlhg =1) Plho =12} Plho=3) Plho=4) Plho =35) Plho =6)

5= 0 1 4 7
= = 12,/‘ Z 7 7
- _ L 11v/2-12 737 3422
A=l i 2(3+T}_ i g .
P ] 3/17-5 293417 1343417 1345417
n=2 5417 45+4TD (/1) 16G+J17) 16(5++/17)
P=1 ) UT=1) 2437 24107 2241047 2241047
- 46167 464167 4641647 3(46+16+/7) 3(46+16+/7) 3(46+16+/7)
Table 2. Positive solutions x*of the fixed-point equation (3), eigenvalues X, Az of the transfer
matrix B (14) and the avalanche size distributions for the conservative (# = 0) and all tree
non-conservative versions of the model (la)-(1c). 7 denotes the number of dissipated particles.
z* A Az - 8s
i=0 i 4 P g5 ~ 8§32
=1 J2-1 4.8284 0.4142 gs ~ 0.82655-3/2
A=2 YT=3 5.8423 0.2807 gs ~ 0.68555-3/2
i=3 L2 6.3610 0.2152 gs ~ 0.58355-3/2
10 =
mﬂ
1 r ; —— 1 Figure 5. The dependence of the scale Sy (33)

L A ' on the fraction of the dissipated material A.
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randomly driven automata with open boundary conditions defined by (la)-(l¢) cannot
reach the SOC state. This is in contradiction to the results found for the open boundary
continuously driven models [4, 24], where the power-law avalanche size distributions were
found.

The non-conservative model also differs from the conservative one in another propety.
It was shown [1], that in the conservative cellular automaton, multipie topplings of certain
inner site O are rare but possible, and the probability that O topples at least m times,
together with the probability Ps that there are exactly S topplings in the avalanche, were
calculated analytically. In the model (1a)-(1¢) there are no multiple topplings. All the sites
topple only once during the avalanche and therefore Pg = g5 for all §.
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